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Gyroscopic destabilisation in polyatomic molecules. Rotational structure of
the low-frequency bending vibrational states ν23 and ν11 of dimethylsulfoxide

Arnaud Cuisseta) and Dmitríı A. Sadovskíı b)
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We give details of the spectroscopic observation of the gyroscopic destabilisation in the ν23 vibrational state
of dimethylsulfoxide (DMSO) announced by Cuisset, Pirali, and Sadovskíı in [Phys. Rev. Lett. 109, 094101
(2012)]. Following the first successful high-resolution spectroscopic study of the rotational structure of the
“perpendicular” band of DMSO at 324 cm−1 associated with the ν23 bending vibrational mode, the rare
subsystem of the ν23 rotational levels consisting of a series of four-fold quasidegenerate levels (4-clusters) was
identified. Our complete analysis of the underlying rotational dynamics uncovered a bifurcation leading to the
gyroscopic destabilisation of one of the two stable principal axes of inertia, a phenomenon known previously
only in a few triatomic molecules.
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Keywords: synchrotron FTIR spectroscopy, THz radiation, vibration-rotation spectrum, bending mode,
accidental symmetric top, effective rotational Hamiltonian, axis of stationary rotation, rotational energy level
clusters, bifurcation

I. INTRODUCTION

Dimethylsulfoxide (DMSO), a relatively common sul-
phur compound, is sensibly present in nature and is
widely used in industry, health care, and research. Up
until most recently1–3, detailed information on its low
frequency vibrations was unavailable due to its low va-
por pressure that made conventional light sources in the
far infra-red (FIR) regions ineffective for high-resolution
spectroscopic studies.

In this paper, we give details of the first successful
analysis3 of the rotational structure of the OSC2 frame
bending fundamental vibrational state ν23 of DMSO
whose high-resolution gas phase absorption spectrum was
observed along with that of ν11 by Cuisset et al. 1,2 us-
ing the AILES beamline of the SOLEIL synchrotron
source4,5. The exceptional properties of the synchrotron
radiation in the FIR domain near 350 cm−1 were ab-
solutely crucial to these experiments. The analysis was
complicated by a large number and high density of spec-
tral lines and had to account for the specific spectral
structures reflecting the accidental closeness of DMSO
to the symmetric top.

Our results have three principal aspects. We have
responded to the necessity of completing the informa-
tion on the vibration-rotation constants of this molecule
when the opportunity came. We have analyzed the ob-
tained rotational constants in order to uncover the cor-
responding interesting classical rotational dynamics with
additional stationary axes of rotation. Furthermore, our
information on the individual FIR absorption lines of
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DMSO are of considerable interest to monitoring con-
centrations of this molecule6.

A. The phenomenon of the gyroscopic destabilisation

In this paper we focus on the second group of re-
sults, notably on the phenomenon of gyroscopic desta-
bilisation that we observed in DMSO. It can be de-
scribed briefly as follows. At low amplitude j of the
total angular momentum7 j, this molecule rotates sim-
ilarly to an oblate slightly asymmetric Euler top with
principal moments of inertia IA < IB � IC . Specifically,
its principal axes of rotation A and C are stable8 and
quantum states corresponding to the precession about
them form “usual” doublets9 (or 2-clusters). When j
increases and, additionally, the asymmetric bending vi-
brational mode ν23 of the OSC2 frame is excited, the
A axis loses stability in a pitchfork bifurcation and two
equivalent new stable axes X emerge. When the lat-
ter become sufficiently stable with increasing quantum
number J > 40, we observe the “unusual” four-fold de-
generate levels or 4-clusters formed by merging of two
neighboring A-type doublets. This phenomenon was an-
ticipated and well understood from the classical point of
view in the mid-80’s10–12 using the classical representa-
tion of molecular rotation13, and was previously observed
only in a small number of triatomic molecules with nearly
90◦ bond angle14–17. Similar phenomena occur in many
different concrete systems, notably molecular resonant
two-mode vibrations18, Bose-Einstein condensates19, and
even quantum entanglement20 of “spins”. They all can
be analyzed within the universal concept of molecular
quantum bifurcations18,21,22.
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B. The role of the spectroscopic analysis

The experimental evidence of the gyroscopic destabil-
isation relies on the spectroscopic data on the rotational
energy levels. The latter are reproduced using an ef-
fective Hamiltonian Ĥrot(J), typically a Taylor series in
even degrees of the body-fixed23 components of the an-
gular momentum vector operator J = (Ja, Jb, Jc) whose
phenomenological parameters are adjusted to reproduce
the frequencies of the observed spectral lines to the ex-
perimental accuracy. In our case here we study the FIR
absorption transitions |0〉 → |ν23〉 (and |0〉 → |ν11〉) to
the ground state with accuracy of about 1.5×10−4 cm−1.
Subsequently, the Hamiltonian Ĥrot is used to recon-
struct the entire rotational energy spectrum, including
those levels which—for some reasons—have not been in-
volved in the assigned experimental transitions, and to
extrapolate to higher values of J . This allows for the
new experimental lines to be assigned and the param-
eters of Ĥrot, extended, if necessary, to higher degrees
in (Ja, Jb, Jc), to be refitted for a better agreement with
experiment.

At this point, it is important to note that up to 85%
of the |ν23〉 rotational levels are C-type doublets, the
share of the A-type doublets amounts to 10–12% and the
X-type quadruples constitute only a tiny fraction of all
states. Consequently, a very consistent state-of-the-art
effort is required to either observe transitions involving
these quadruples, or, at least, to accumulate sufficient
evidence that the Hamiltonian Ĥrot predicting their ex-
istence is sufficiently stable and the prediction is not a
mere artifact of improper extrapolating a power series.
In the present study we claim to achieve both objectives.
Out of total of more than 7500 individual |0〉 → |ν23〉
transitions24 with J up to 60, we were able to assign more
than 550 lines involving most of the A-states and about
70 transitions from the X-quadruples. Furthermore, the
quadruplets, that we described, belong to the interval of
J where Ĥrot is supported directly by the experimental
data both in the prevailing C-part, the smaller A-part of
the energy spectrum and some of the X-states at the high
energy end of the multiplet. We provide further essential
details in Sec. II.

C. The dynamical analysis

To understand the dynamical meaning of the 4-cluster
formation and to uncover the phenomenon of the gyro-
scopic destabilisation we turn to the classical limit of our
system7 and study its dynamics (Sec. III). The classical
rotational energy Hrot(j) of the molecule in an isolated
nondegenerate vibrational state, such as, for example,
the ground state |0〉, is obtained after replacing the com-
ponents (Ja, Jb, Jc) of the angular momentum operator
J for their classical analogs7:

J 7→ (ja, jb, jc) = j (sin θ sinφ, sin θ cos φ, cos θ).

The amplitude j and the world orientation of the total
angular momentum j are conserved. The set of points
representing all instantaneous body-fixed orientations of
the classical rotation axis and two possible directions
of rotation for a given j is a sphere S2

j which embeds
in R3

(ja,jb,jc)
as a 2-sphere of radius j. This space is

a phase space of the classical one-degree-of-freedom dy-
namical system with Hamiltonian Hrot. This system can
be viewed as a nonrigid reduced Euler top system. Its
equilibria given by the stationary points ofHrot represent
the stationary rotation axes of the molecule.

Fixing angular momentum amplitude j, we can
visualize13,18 the function Hrot : S2

j → R as a closed sur-
face in R3 using spherical angles (θ, ϕ) to define the axis
and the direction of rotation and using the distance from
the origin to give the value of Hrot (see Sec. II B). This
representation makes the analysis particularly straight-
forward. The surface inherits the symmetries25 of Hrot,
and in particular, it is j-inversion invariant, so that any
axis is represented on it by two equivalent opposite points
corresponding to two rotation directions about this axis.

The lowest order H0
rot is quadratic in j. It describes

the reduced motion of a rigid Euler top. Higher or-
ders give effective corrections due to the nonrigidity of
the molecule. They describe specific deformations of the
averaged geometry and dynamical responses provoked
by the centrifugal forces. The increased relative impor-
tance of these orders at large j can result in qualitative
changes in the system of the equilibria of the system,
and in particular—can cause the gyroscopic destabilisa-
tion. We show in Sec. III how this occurs in the case
of the asymmetric ν23 bending fundamental vibrational
state of DMSO.

It should be well understood that our analysis tells
precisely “what” happens, but it does not explain “why”.
Working at the level of an effective Hamiltonian with phe-
nomenological parameters, we can uncover the classical
dynamical meaning of the qualitative changes, that we
observe in the rotational level spectrum. Further phys-
ical analysis requires a reliable molecular potential for
(at least) the bending modes of DMSO, see Sec. III and
IV. We also like to point out the general requirement
for the phenomena like the loss of stability of axis A to
occur and to do so at reasonably low j: the principal
moments of inertia of the molecule23 should be “acciden-
tally” close to an exceptional more symmetric case. This
is why there is only a small number of known “molecular
tippe tops”, most notably the somewhat exotic triatomic
molecules15,17,26 H2Se and H2Te, whose almost 90◦ bond
angle turns them into accidental symmetric tops. DMSO
provided the first example in larger molecules.

II. ROTATION-VIBRATION STATES OF DMSO

DMSO is a ten atomic Cs symmetric28 molecule whose
equilibrium configuration with the O−S bond in the sym-
metry plane is shown in Fig. 1. The OSC2 frame bending
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FIG. 1. Schematic representation of the equilibrium con-
figuration of (CH3)2SO (DMSO) according to ab initio
computations27; the three principal axes of inertia cross at
the center of mass, axes B and C (vertical) lie in the symme-
try plane. Reproduced from Refs. 2 and 3.

vibrations of DMSO can be easier understood qualita-
tively after replacing the methyl groups CH3 by single
bulky atoms and considering a non-planar four atomic
molecule. Furthermore, to model the absorption spec-
trum selection rules we can take into account that atoms
O and S are highly polarized while the combined charge
on the methyls is nearly zero. The harmonic force field
of DMSO was determined by Typke and Dakkouri 29 in
2001 using liquid phase data for the low frequency bend-
ing modes, and using vibrational satellite bands in the
microwave (MW) region for the internal rocking modes.
Typke and Dakkouri 29 also derived the average equilib-
rium configuration (Fig. 1) after combining all available
data from IR, Raman and MW spectroscopy with gas
electron diffraction data and ab initio predictions and
reevaluating the harmonic force field of the molecule.

At low vibrational excitations, the methyls cannot ro-
tate internally about the S−C bonds and the vibrations
of the molecule can be described in terms of 24 nor-
mal modes29. Among them, the symmetric (A′-type) ν11

and ν12 and the asymmetric (A′′-type) ν23 modes with
frequencies of 300–350 cm−1 represent the bending vi-
brations of OSC2. We study ν11 and ν23 which involve
respective significant in- and out-of-symmetry-plane dis-
placements of the O atom and, as a consequence, induce
sufficiently large dipole moments and are well visible in
the FIR absorption spectra1. The “FIR dark” mode ν12

is primarily a symmetric reciprocal motion of the un-
charged methyls and has a very small induced dipole.
The only hope to find ν12 in the absorption spectrum is
due to its Coriolis interaction with ν23 and/or ν11. For
a complete description of the low frequency vibrations
of DMSO, we should mention the two “torsional” modes
which correspond to the internal rocking of the methyls
with frequencies near 200 cm−1. These modes are also

inactive in the FIR absorption spectrum. All other vi-
brational modes of DMSO have significantly larger fre-
quencies and can be ignored in our context.

DMSO is a slightly asymmetric top molecule with two
nearly equal rotational constants A & B, and signifi-
cantly smaller third constant C. Its asymmetry, repre-
sented by the Ray parameter

κ =
2B − (A + C)

A− C
≈ 0.91, (1)

approaches that of an oblate symmetric top (κ = 1). This
specificity of DMSO was mentioned in Ref. 29 and the
example of DMSO was used to discuss K-doubling and
Watson’s S-reduction29–31. To appreciate how close the
molecule is to the symmetric top limit, imagine32 switch-
ing the 16O atom for its isotope 17O or 18O. In the usual
DMS16O (fig. 1), axis A with the minimal moment of in-
ertia, is perpendicular to the symmetry plane. DMS17O
is a nearly perfect symmetric top, and in DMS18O, axes
A and B are interchanged, and A lies in-plane.

A. Experimental data

At room temperature, the saturated vapor pressure of
DMSO is weak: at 293K it is only 0.42 Torr, about 40
times less than that of water. Such low volatility calls for
maximum sensitivity in high-resolution gas-phase spec-
troscopic experiments.

1. Ground state information from the microwave spectra

The analysis of the ground state MW transitions of
DMSO29,33 allowed to determine quartic centrifugal dis-
tortion constants. Most comprehensively, to J = 50, the
ground state has been recently re-analyzed in Ref. 34.
The MW data are several orders of magnitude more accu-
rate than the FIR measurements and we depend on them
for fixing the ground state rotational constants and for
assigning most of our observed individual rovibrational
|0〉 → ν23 transitions through the ground state combina-
tion differences (Sec. II E 2).

2. Rotation-vibration spectra

Until the work by Cuisset et al. 1 in 2010 that took
full advantage of the exceptional properties of the AILES
beamline of SOLEIL in the THz/FIR domain4,5, the last
reported gas phase rovibrational spectra of DMSO went
back more than thirty years35 and were limited to low
resolution and wavenumbers above 600 cm−1. Prelimi-
nary measurements performed at low resolution with the
internal sources of the IFS125 Bruker FTIR spectrom-
eter updated the vibrational frequencies of all IR active
modes of DMSO (cf fig. 2 and TableIV) and gave a better
agreement with the force field in Ref. 29.
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FIG. 2. Spectrum (lower trace, blue) of the ν23 and ν11 fundamental bands of DMSO observed using the AILES beamline of the
SOLEIL synchrotron (P = 0.06 Torr, L = 150 m, ∆ν = 0.00015 cm−1, 700 scans, 46 hours of acquisition) by Cuisset et al. 1,2

and predicted transitions (stick spectrum, upper trace, black). The amplitude scaling of the two traces is independent; the
experimental unresolved ν11 Q-branch takes nearly the full height of the plot. The inserts (top) represent the lowest vibrational
energy levels of DMSO in cm−1 according to our measurements for ν11 and ν23 and the harmonic frequencies computed by
Gaussian27. Gray lines represent dipole inactive states and their overtones, arrows show the transitions analyzed in this work.

The FIR absorption spectrum of DMSO (fig. 2) which
we use in this work were recorded in the 50–650 cm−1

spectral range on the THz/FIR beamline AILES of the
SOLEIL synchrotron source. Due to the natural high
brilliance and the small divergence of the synchrotron
radiation (SR) in this domain, the acquisition time of
the rovibrational spectra can be drastically reduced36.
Using SR was absolutely essential in order to observe,
in a limited time, the resolved rovibrational FIR spec-
trum of DMSO1,2. AILES was designed to obtain ex-
ceptional performances in terms of flux, spectral range,
and stability in the entire IR spectral domain; its reliable
high resolution spectroscopic ensemble4 has high detec-
tion sensitivity. In comparison to conventional thermal
sources, such as the Hg discharge lamp, the most gain
from the use of SR was obtained in the THz/FIR domain.
Thus the delivered flux and the achieved S/N ratio for the
100 cm−1 SR were found 10 times larger5. Opened to ex-
ternal users at the end of 2008, AILES has demonstrated
its exceptional suitability for gas phase high resolution
THz spectroscopy37, which for the most part could not
be performed with thermal sources.

In our experiments, the AILES beamline was focused
onto the entrance aperture of a high resolution Bruker

IFS 125 Fourier transform interferometer containing a
6 µm mylar-Silicon composite beamsplitter suitable for
the THz spectral range. To limit absorption by the at-
mospheric compounds, the interferometer was evacuated
continuously to 10−5 Torr. The He-cooled silicon bolome-
ter detector was equipped with an optical 10–600 cm−1

band-pass filter. The sensitivity was boosted by using a
White type multipass cell which was adjusted to a 150 m
optical path length and was isolated from the interfer-
ometer by 50 µm thick polypropylene windows. DMSO
of stated purity higher than 97% from Aldrich Chemical
Co was used without further purification. Its saturated
vapor at room temperature was injected directly in the
cell.

The FIR spectrum of DMSO (Fig. 2) was recorded
at 0.06 Torr with 0.0015 cm−1 resolution. The Fourier
transforms of 700 interferograms were co-added to
achieve the larger-than-100 S/N ratio. The total acquisi-
tion time amounted to 46 hours. Note that it would have
taken half a year to achieve a similar S/N ratio with a
conventional source. The spectrum in Fig. 5 was cali-
brated using residual water absorption lines with known
wavenumbers38. This gave the RMS calibration accuracy
of about 1.5× 10−4 cm−1.
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FIG. 3. Classical rotational energy of DMSO in the ν23 fun-
damental vibrational excited state (a) and the ground state
(b) with angular momentum J = 50. The surfaces are drawn
in slightly rotated coordinates (Ja, Jb, Jc) of Fig. 1. In both
plots, the energy is given, up to the same fixed additive con-
stant and scale, by the radial distance from the origin as
function of the position of the instantaneous axis of rotation.
Equidistant sets of constant energy are stripe painted to dis-
play more clearly the shape of the surfaces. We see a deep
minimum along the Jc axis (vertical) and very shallow height
variations in the equatorial area. Adapted from Ref. 3. The
animation DMSOsRE-animj.gif24 illustrates the evolution of
the rotational energy of ν23 as J varies on the interval [30, 60].

B. Rotational structure and spectra of DMSO

For low rotational excitations, i.e., for a given suffi-
ciently small quantum number J , the system of the ro-
tational levels of DMSO can be well approximated by
the spectrum of a slightly asymmetric oblate top with
two usual series of rotational state doublets9, specifically,
one large series of C-states ascending from the minimal
energy of J-multiplet, and one much smaller series of
A-states descending from the maximal energy. The two
series meet in the transitional energy domain correspond-
ing to the classical rotation about axis B.

Figure 3(b) illustrates the classical rotational energy of
DMSO in the ground state |0〉, which is obtained using
the classical analog Hrot(θ, φ; j) of the rotational Hamil-
tonian (see Sec. I C) with parameters in Table I. We can
see that most of the reduced rotational phase space S2

j

is taken up by stable rotation about axis C (concentric
stripes in Fig. 3), which correlates to the motion in the
oblate symmetric top limit. Rotations about axis A are
represented by a much smaller domain of S2

j (white area
near axis Ja in the equatorial belt of the surface), and
a similarly small domain (self-intersecting blue stripe in
Fig. 3) corresponds to delocalized unstable motion with
intermediate energies.

In the simplest rigid rotor approximation, the number
of A-states relative to the number of all states with a
given J , is approximately:

2
π

arcsin ε =
2
π

arcsin

√
A−B

A− C
≈ 0.14.

So the number of the A-type doublets of DMSO can be
estimated as ≈ 0.14 J and they exist only for J > 8. The
C-states, constituting up to 85% of all rotational states,
correlate with the oblate symmetric top levels and are
classified adequately by the good quantum number K =
Kc or the projection Jc of J on axis C. For this reason,
C is the most natural choice of the quantization axis for
the rotational basis functions |J,K〉 used to represent the
matrix of the effective rotational Hamiltonian Hrot(J).

C. Effective rovibrational Hamiltonian

In our analysis, we attempted describing the |ν11 = 1〉
and |ν23 = 1〉 fundamental vibrational states in two ways:
either as two isolated, or as two interacting states. In the
first case (Sec. II C 1), we considered no explicit rotation-
vibration interactions between them or with other close
lying states, and no vibrational resonance, such as the
Fermi resonance with the |ν24 = 2〉 overtone (cf Fig. 2
and Ref. 29). In the second case, we included explicit
first-order Coriolis interaction terms (Sec. II C 2).

1. Isolated state model

The effective rotational Hamiltonian for an isolated vi-
brational state |v〉 with frequency ω,

Hrot = ω+(A+δvA)J2
x+(B+δvB)J2

y +(C+δvC)J2
z +. . . ,

includes purely rotational terms describing the ground
state |0〉 and their corrections δv in the upper state |v〉.
Recall that in order to minimize the number of indepen-
dent adjustable parameters of the higher order terms in
Hrot, the latter is reduced to one of the D2-symmetric
forms introduced by Watson39. For nearly symmetric
tops, it is customary29–31,40 to use the s-form, with axis
C, the axis of the oblate symmetric top limit for DMSO,
chosen as quantization axis z. Near the symmetric top
limit, the s-form requires a smaller reduction transfor-
mation, and so is, in principle, a faster converging series.
Additionally, we may also expect a lesser distortion of
the original dipole moment operator. In other words,
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TABLE I. Vibration-rotation parameters (MHz) of the effective Hamiltonian of DMSO in the model of isolated vibrational
states; the value of a parameter for the vibrational state νk equals the sum of values in columns |0〉 and νk, e.g., A|νk〉 = A+δkA

Parameter |0〉 ν11 ν23 Order

ω × 10−6 0∗ 11.294723808(116) 9.712918100(95) THz
A 7036.5821413(235) 5.01169(50) 0.86894(43) MHz
B 6910.8300483(228) 3.59040(48) −6.86687(41) MHz
C 4218.776469(44) −1.02354(75) 11.97998(57) MHz

−DK × 103 −3.989611(48) 0.18179(164) −0.39630(105) kHz
−DJK × 103 8.937700(49) −0.42873(143) 0.57425(99) kHz
−DJ × 103 −6.0889430(164) 0.32897(45) −0.49427(34) kHz

d1 × 103 −0.1639895(103) 0.061798(229) 3.818801(214) kHz
d2 × 103 −0.2717085(58) 0.027806(150) −7.220016(114) kHz

HK × 106 −0.0218391(256) −0.04619(166) 0.08931(98) Hz
HJKK × 106 0.052731(37) −0.04977(200) −0.31066(121) Hz
HJJK × 106 −0.0395737(242) 0.11876(117) 0.03837(74) Hz

HJ × 106 0.0088379(81) −0.08128(33) 0.104666(233) Hz
h1 × 106 −0.0017702(63) −0.015379(125) −0.511893(113) Hz
h2 × 106 0.0010721(51) −0.001259(94) 1.288897(108) Hz
h3 × 106 −0.00137497(225) −0.002841(51) 1.882505(45) Hz

LK × 109 −0.0001288(60) 0.21217(88) −0.20742(49) mHz
LKKJ × 109 0.0004235(116) −0.34791(128) 0.45905(75) mHz

LJK × 109 −0.0004527(104) 0.25430(100) −0.23035(56) mHz
LJJK × 109 0.0001845(57) −0.09788(51) 0.009084(300) mHz

LJ × 109 −0.00001071(174) 0.021496(128) 0.001536(90) mHz
l1 × 1012 0.03231(181) 6.094(32) −9.2911(284) µHz
l2 × 1012 −0.02464(161) 3.3008(305) −62.235(38) µHz
l3 × 1012 0.01545(92) 3.0986(192) 2.7548(164) µHz
l4 × 1012 0∗ 1.1313(66) 0.5362(49) µHz

such choice is the most physical for DMSO. These as-
pects can be especially helpful at the initial stages of the
spectroscopic analysis and for high-J extrapolations.

In practice, however, the situation is less straightfor-
ward. In addition to a pure scalar series in J2, the s-
form Hamiltonian includes diagonal and tensorial terms.
The former are various powers of J2 and K2 (or cos2 θ
in the classical limit Hrot) and contribute primarily to
the energies of the C-states, while the latter include also
the powers of (Ja ± iJb)2 (or sin2 θ) that describe the A-
states or the intermediate states. The number of terms
of each kind is roughly equal, while the number of C
states is much larger. This disproportion may result in
stronger correlations between the tensorial terms, espe-
cially when the A-states are observed with lower precision
or not observed at all. In such cases, the a-form may ap-
pear more stable34. Since the purpose of this work is
in the uncovering of specific interesting rotational dy-
namics and not a mere fitting of the experimental data,
we kept the s-form of Hrot, making a considerable effort
to observe sufficiently many transitions to the A-states
in order to stabilize the least square fit. In particular,
we assigned practically all transitions24 involving the A-
states of |ν11 = 1〉 up to J = 55, and a sufficiently large
number of A and X states of |ν23 = 1〉.

2. Coriolis interactions

The overlap of the rotational structures of |ν23 = 1〉
and |ν11 = 1〉 that occurs for J > 25 (cf Fig. 9) may sug-
gest to account explicitly for the principal order (linear
in J) Coriolis interaction41 using non-diagonal terms

ζξ(a
†
23a11 + a†11a23)Jξ with ξ = b, c. (2)

Note, however, that the overlapping parts of rotational
multiplets have levels with distant values of Kc, and the
∆K = 1 interaction in Eq. (2) is important only when
these levels are very close. In our case, the isolated state
model turned out to be adequate within the accuracy of
our data and the range of the observed J values. The in-
troduction of ζa,b with values of about 600 MHz did not
bring any sensible improvement to the fit, while large
correlations between A, B, C, and ζa,b did not justify
an interacting state model. Furthermore, with these val-
ues of ζa,b, the maximal level mixing of ν11 and ν23 is
about 0.1%, which excludes any visible spectral intensity
modifications.

D. Transition moments and selection rules

Because the rotational constants A and B of DMSO
are very close, the absorption spectrum of this molecule
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has structures reminiscent of a symmetric top spectrum.
Roughly considered, the branches in the |0〉 → ν11 and
|0〉 → ν23 bands (see fig. 2) of DMSO resemble those of
a “parallel” and a “perpendicular” symmetric top spec-
trum, respectively. On the other hand, unlike any true
symmetric top molecule, DMSO has no sufficiently high
order, discrete, axial symmetry Ck with k > 2, and its
dipole moment function µ(q) is very different from that of
a symmetric top, see Appendix24 B 1. This calls for some
consideration. In this section, we survey the transition
moment operators and the corresponding selection rules;
related standard formulae are collected in Appendix24 B.

1. Permanent and induced dipole moments of DMSO

In a symmetric top, the permanent dipole moment, if
it exists, aligns with the top’s axis (our axis C), while
the oscillating dipole moment can be either parallel or
orthogonal to the axis, i.e., both components cannot be
induced in one vibrational eigenstate and, consequently,
the latter appears in the absorption spectrum as either a
“parallel” (‖) or a “perpendicular” (⊥) rotational band.

The permanent dipole moment vector of DMSO µ0

is invariant with respect to the symmetry plane BC (cf
fig. 1), i.e., µ0 transforms according to the irreducible
representation A′, and lies in the symmetry plane of the
molecule. As explained in Appendix24 B 1, µ0 is ap-
proximately aligned with the highly polarized O−S bond.
Taking the smaller effective charges on CH3, we obtain
for the two components µ0

c and µ0
b of µ0 with respect to

the principal axes of inertia an approximate ratio of 0.38.
The orientation of the first order term in the vibra-

tionally induced dipole moment vector µ(q), which gov-
erns the fundamental transitions 0 → 1, is restricted by
the symmetry of the vibration q: for the excitation of the
anti-symmetric modes, such as |ν23 = 1〉, the vector µ(q)
aligns with axis A, i.e., has only one nonzero component
µa(q); for |ν11 = 1〉, this vector remains in the symmetry
plane BC and has components µb(q) and µc(q). Because
ν11 can be roughly considered as an in-plane bending
vibration of the S−O fragment, the ratio of the two com-
ponents µc/µb in the |ν11 = 1〉 state is, approximately,
the inverse of µ0

c/µ0
b , see Appendix24 B 1.

2. Selection rules and simple simulations

Concrete expressions for the intensities of various al-
lowed branches in the parallel (‖) and perpendicular
(⊥) bands of a symmetric top molecule can be found in
Appendix24 B 2 where Table V presents maximum inten-
sities in these branches for DMSO in the rigid symmet-
ric top limit at 298K. These bands are characterized by
∆Kc = 0 and ±1, respectively, while their ∆J can be 0
or ±1. Thus, the ‖-band consists of three branches42 QP ,
QQ, and QR, of which QQ is 2

√
B/C times stronger, see

Table V. Among the six allowed branches of the ⊥-band,
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FIG. 4. Absorption spectrum of the ν23 and ν11 fundamen-
tals of DMSO in the rigid symmetric top approximation at
298K. In the online color version, different branches of the
perpendicular band 0 → ν23 and parallel and perpendicular
components of the 0→ ν11 band are color coded.

the strongest are PP and RR. They are slightly stronger,
by factor of

√
B/C , than RQ and PQ. Compared to

that of the QQ branch of the ‖-band, their maximum is
〈µb〉2/2〈µc〉2 times lower. The ‖-band is the only one to
have the most compact QQ branch, whose strength can be
greatly amplified by its integrated intensity in the insuf-
ficiently resolved spectrum. We also note, that branches
differ in the states which contribute to most intense tran-
sitions. Thus the C-states with Kc ∼ J dominate in the
QQ-branch, while transitions involving Kc � J (even-
tually the A-states) are emphasized in the QP and QR
branches.

We conclude that the 0→ ν23 spectrum, like any spec-
trum involving first excited vibrational state of an A′′-
type mode, should be similar to the perpendicular band
of a symmetric top. On the other hand, most of the
purely rotational transitions within the same vibrational
state, such as 0→ 0, or those to the first excited state of
type A′, such as 0→ ν11, can be understood as a super-
position of the ⊥ band due to µb(q) and the ‖ band due
to µc(q), of which only the former is present in a symmet-
ric top. In the rotational bands of DMSO, the ⊥ band,
notably the RP branch involving large-Kc states, is fac-
tor (µ0

b/µ0
c)

2 stronger than the symmetric-top transitions
QR. On the other hand, in the particular case of 0→ ν11,
the relative intensity of the parallel component increases
by factor of (µc/µb)2. All these aspects are clearly visible
in a simple rigid symmetric top model spectrum in Fig. 4.
In this simulation, we computed the rotational structure
using just two constants B̃ = (A + B)/2 and C, with A,
B, and C of the ground state of DMSO (Table I) and the
minimum set of the induced dipole moment parameters,
notably µa ≈ µc and µb = 0.6µc (see Appendix24 B 1).
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E. Spectroscopic analysis

For computing and fitting the absorption spectra of
DMSO we used the standard programs by Pickett43,44.
Working with very dense FIR spectra that contained
many additional unassigned transitions, probably hot
bands, required developing special computer programs
in order to systematically uncover and assign the ground
state combination differences. These programs were par-
ticularly important in the ν23 analysis, where more than
6000 lines were assigned with their aid, and elsewhere in
high-J assignments. To assist and visualize assignments,
we also used the programs by Kisiel45,46.

We obtained the ground state parameters in Table I
using the MW 0→0 assignments from Ref. 34 up to
J = 60. They remained essentially unchanged through-
out the analysis because the typical accuracy of the MW
data compared to that of the FT-FIR combination fre-
quencies is significantly higher (0.05 MHz versus about
5 MHz), and their values in Table I are close to those ob-
tained in Ref. 34 for their s-III choice. So, we could rely
on the ground state Hamiltonian Hrot for the combina-
tion frequency assignments of our FIR spectra. Table II
summarizes the fit of the two FIR bands, and the MW
transitions. Below we give essential details of the FIR
band analysis.

1. The ν11 fundamental transition

The much simpler parallel (‖) component of the 0→ν11

transition (Fig. 2, right) is dominant, and its resolved QP
and QR branches constitute a good starting point of the
analysis. Recall from Sec. B 2, that transitions involv-
ing low Kc are more pronounced in these branches. This
allows an immediate access to the most complex part

of the rotational structure of ν11 (the A-states, tran-
sitional states, and the upper part of the C-state lad-
der). The key to assign the spectrum2 is in the high-
frequency end of the QR(J) multiplets with sufficiently
high J = 25 . . . 40 which shows very strong, clearly visi-
ble transitions involving the A-states, notably the outer-
most state with J = Ka, see Fig. 5 right. Entering basic
rotational and dipole moment parameters, we managed
to model these multiplets for J = 12 . . . 25 well enough
for picking ground state combination frequency differ-
ences involving the reciprocal, more complex QP (J + 2)
multiplets (Fig. 5 left), and thus making unambiguous
assignments. After that, fitting the spectrum became
relatively straightforward. Subsequently, it became also
possible to assign a number of µb transitions, such as the
ones shown in Fig. 6, thus accessing directly the high-Kc

end of the eigenspectrum and obtaining the experimental
estimate of the µc/µb ratio47.

In order to reproduce the FIR spectrum close to the
estimated experimental accuracy up to J ≈ 55, see Ta-
ble II, we developed the rotational Hamiltonian Hrot to
degree 8 in (J,K), see Table I. We can see from Fig. 7,
that this set of parameters was sufficient to randomize
discrepancies. It also shows that these discrepancies grow
very rapidly after J = 50, which may indicate an on-
set of a general perturbation by another state. Figure 9
shows that we have been able to reach practically all
levels within the assigned J-multiplets, and in particu-
lar type-A levels at the high energy end. Note that in
the scale of Fig. 9, the rotational structure of |ν11 = 1〉
is indistinguishable from that of |0〉. The list of all as-
signed 0 → ν11 transitions is provided in supplementary
materials to this paper24.

There are a few problems that we encountered in the
analysis of 0 → ν11. We should mention that the dense
Q-branch extends far enough to obscure the low-J QP
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TABLE II. Summary of the analysis of the spectroscopic data for DMSO used in our work: For each band, we give the total
number Ntotal of assigned lines, the values of the total angular momentum J , the estimated unweighted σu and weighted σw

standard errors of the fit, and the number of assigned lines N>2σ with errors above ±2σ

Band Frequencies Ntotal J N>2σ 2σ σu σw Units

0← ν23 FIR 302–349 cm−1 7608 4–60 526 10 5.081 5.217 10−4cm−1

0← 0 MW 6–702 GHz 3758 0–60 509 0.1 0.081 0.055 MHz
0← ν11 FIR 352–403 cm−1 4577 5–56 369 10 5.603 5.533 10−4cm−1
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FIG. 6. The µc multiplet QR(7) and the neighboring µb tran-
sitions RR(J) with J = 10 . . . 12 and Kc = J, J − 1, . . . in
the 0 → ν11 spectrum. The observed FT-FIR spectrum is
shown by gray solid line; blue and orange sticks mark com-
puted intensities for dipole moments µc (‖ component) and
µb (⊥ component). For the QR(7) lines, their Kc or Ka as-
signments are displayed on top of the blue sticks in blue or
brown, respectively; for the RR(J) lines, the KcJ assignments
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multiplets, while the QR branch beginning is buried un-
der additional dense bandheads, likely hot bands, off the
high frequency head of the QQ-branch. A number of rel-
atively weak and sparse lines that did not belong to the
ν11 band were probably of the same origin. We have also
observed a persistent strong local perturbation of a sin-
gle C-type level with Kc ≈ 15 . . . 16 in multiplets with
J ≈ 30 . . . 40 (see gaps and dashed line in Fig. 9). Note
that the perturbation cannot be ascribed to ν23 because
the perturbed levels lie above the ν23 multiplet. One
of the likely candidates for the dark perturber state is
the 2ν24 overtone of the antisymmetric methyl rocking
vibration: According to our Gaussian27 computation,
the harmonic frequency of ν24 is about 190 cm−1 and
2ν24 should lie close to ν11 and should interact strongly
with ν11 via a cubic Fermi term a+

11a
2
23. On the contrary,

the symmetric 2ν24 cannot interact with the antisymmet-
ric ν23 through the same low order mechanism. In our
isolated fit of ν11, we excluded all strongly perturbed lev-
els, but we retained some of their neighbors despite their
characteristically diverging systematic errors as they ap-
proached the perturber, see Fig. 8. This may have in-
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creased slightly the overall unweighted error.

2. The ν23 fundamental transition

In comparison to 0 → ν11, the ⊥-like 0 → ν23 spec-
trum is dense and complex. Unlike the QR≈J(J) tran-
sitions of 0 → ν11, there is no line groups or regular
sequences of lines that are directly identifiable from a
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simple model. The key to the assignment of 0 → ν23

is in the relatively weak reciprocal RQK−1 and PQK+1

sub-branches, the only regular features which are well
visible in the central part of the spectrum (see Fig. 10(a)
and Appendix24 B 2) off the main Q-branch. Each sub-
branch is a regular, compact series of lines with the same
(K ′

c,K
′′
c ) and different J = J ′ = J ′′ ≥ max(K ′

c,K
′′
c ),

see Fig. 11. In this section, we denote the upper state
(ν23) quantum number K ′

c as K. Then the lower state
(|0〉) quantum number is K − 1 and K + 1 for RQ and
PQ, respectively. Because these sub-branches are nearly
featureless sequences of lines, the assignment of the abso-
lute values of K and J can be confirmed only by match-
ing the frequency difference of the reciprocal RQK−1(J)
and PQK+1(J) lines, sharing the same upper rotational
level of ν23, to the energy difference of the ground states
|J,K − 1〉 and |J,K + 1〉, which is known very accu-
rately. This technique is commonly used in spectroscopy.

In the simplest approximation for a rigid nearly sym-

metric top, averaging the small asymmetry term (A −
B)J2

a over one period of the (fast) rotation about sym-
metric top axis (C), the rotational energy is written as

H0(J,K) = BJ2 + (C −B) K2 +
A−B

2
(J2 −K2).

Then the frequencies of RQK−1 and PQK+1 of transitions
between levels with smallest J ≈ K are given approxi-
mately as ω23 + f0

R(K) and ω23 + f0
p (K), where

f0
R(K) = H0(K, K)−H0(K, K−1)

= (C − B̃)(2K − 1)

f0
P (K) = H0(K+1,K)−H0(K+1,K+1)

= (B̃ − C)(2K + 1),

with B̃ = (A + B)/2. Consequently, the rough estimate
for the frequency difference between the reciprocal sub-
branches is 4(B̃ − C)K. Picking the frequencies of the
heads (centers) of the sub-branches in the experimen-
tal spectrum as illustrated in Fig. 10(a), we can eas-
ily verify that the sequence is indeed quasi-linear in K.
At this point, we can assign tentatively the reciprocal
sub-branches sharing the same upper state with quan-
tum number K. However, because the band centers are
defined with considerable errors, the sub-branches with
K < 7 are missing (the symmetric top approximation is
too crude for small K), and the band origin is obscured,
these K assignments are not error prone and several com-
binations of the K values have to be considered.

Finding the values of J is even more difficult because
the sub-branch heads are not well pronounced, especially
for PQ, cf Fig. 11. Below we explain how our (J,K)
assignments of the experimental frequencies FR(J,K)exp

and FP (J,K)exp of spectral lines in the respective sub-
branches were tested and confirmed. At first, plotting
the reduced experimental frequencies

F̃ exp
P,R(J,K) := F exp

P,R(J,K)− ω23 − f0
P,R(K)

versus K (Fig. 10(b)), gives a Loomis-Wood style dia-
gram, which allows to follow continuous families in (J,K)
across the sub-branches and to weed out all irrelevant
lines. For each fixed K, we can approximate the se-
ries of frequencies F̃ exp

P,R(J,K) using smooth polynomi-
als f exp

P (J,K) and f exp
R (J,K). This works well for suf-

ficiently large K, i.e., for C-type doublets, whose split-
tings are small compared to the experimental resolution.
In our case, it worked for all K ≥ J/4. Similarly, for the
predicted frequencies FP,R(J,K), we obtain F̃P,R(J,K)
and the respective polynomials fP (J,K) and fR(J,K).
It can be seen that subtracting the quantity

f(J,K) = 1
2 [fP (J,K) + fR(J,K)]

from both fP (J,K) and fR(J,K) removes most of
the dependence on the upper state. So if (J,K)
are assigned correctly in both sub-branches, then
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not only the differences F exp
P (J,K) − F exp

R (J,K) and
f exp

P (J,K)− f exp
R (J,K) but also f exp

P (J,K)− f exp(J,K)
and f exp

R (J,K) − f exp(J,K) become functions of the
ground state energies only, and they should, there-
fore, coincide with the predicted fP (J,K)− f(J,K) and
fR(J,K)− f(J,K) regardless how crude the upper state
model is. This provides a quick test for the validity of
the (J,K) sequence assignments.

We illustrate in Fig. 10(c) how this worked for K = 11.
It can be seen that the family f exp

P (J, 11) − f exp(J, 11)
spans 0.05 cm−1 and, that at this scale, the agreement
with the theory is perfect. As shown in Fig. 10(d), the
errors can be visualized by plotting

F̃ exp
s (J,K)− f exp(J,K)− (fs(J,K)− f(J,K))

with s = P,R. We can see that the errors for the experi-
mental frequencies are well randomized and are running
into 10−3cm−1. Plotting the computed quantities

F̃P (J,K)− fP (J,K) and F̃R(J,K)− fR(J,K)

at the same scale, we can also verify that the splittings
become visible at J ≈ 40 and remain well below the
experimental errors.

Once a number of the RQK−1 and PQK+1 sub-branch
pairs of 0 → ν23 was successfully found and assigned as
described above, and the parameters of Hrot were fit-
ted to reproduce the assigned lines and to generate suf-
ficiently accurate, to about 0.005 cm−1, predictions of
the spectrum, advancing to larger J relied on a com-
puterized procedure acmbdif. This procedure exploited
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systematically the ground state combination differences.
Taking the ensemble of all predicted transitions to a
given rotational state of ν23, acmbdif allowed the en-
semble as a whole to wiggle in absolute frequency po-
sition within, typically, an interval of 0.01 cm−1 near
the prediction. A correlation function of the shifted en-
semble against the experimental spectrum pointed to the
best match(es). The response listing of acmbdif was an-
alyzed in a specially configured editor, and the list of
definite assignments was augmented and refitted. At the
end, we were able to progress up until J ≈ 60, while keep-
ing the observed–calculated discrepancy well randomized
and bracketed within ±10−3 cm−1, see Fig. 12. Nor-
mally, transitions, that were picked up by acmbdif, had
to be checked further in order to weed out weak and/or
blended lines. However, with the total number of ν23 ← 0
assignments24 growing above 7500, see Table II, this be-
came physically impossible. This may explain why our
mean square deviation of 5×10−4 cm−1 is slightly above
the estimated experimental accuracy of 1.5× 10−4.

Like in the case of ν11, the isolated state model re-
produced adequately the ν23 data. We used an S-form
rotational Hamiltonian Hrot(J) with a complete set of
phenomenological parameters to degree 8 in the compo-
nents of J , and with additional diagonal parameters of
degree 10 in (J,K), see Table I and Ref. 24. The most
interesting immediate result of the analysis is the strik-
ing difference of the ν23 parameters from those of |0〉 and
ν11 in Table I. Specifically, while the estimated parame-
ter uncertainties were similar for both FIR bands, thus
suggesting that correlations remained under control, the
values of the parameters d1,2 and h1,2,3 of the respective
S-form tensorial terms of degrees 4 and 6 were found
much larger: at least ×20 for d1,2 and ×103 for h1,2,3.

Such difference in the parameter values is, undoubt-
edly, the consequence of the qualitatively different en-
ergy level structure of the ν23 rotational multiplet, see
Fig. 13. The s-form tensorial terms contribute to low-Kc
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FIG. 13. Rotational structure of the vibrational state ν23 of
DMSO reconstructed using parameters in Table I. Energies
(horizontal dashes) are shown after subtracting the average
classical ground state rotational energy (HA

rot(J)+HC
rot(J))/2;

observed levels are marked by longer dashes; bold solid lines
represent energies of classical stationary axes of rotation (rel-
ative equilibria), the neighboring state ν11 is indicated in gray.

states and the change of the structure should be antici-
pated near the energy HA

rot of stationary rotation about
axis A, i.e., at the high-energy end of the quantum multi-
plet in Fig. 13 and in the equatorial region of the classical
Hrot surface in Fig. 3(a). Indeed, we observe clearly that
after J = 35, HA

rot(J) is no longer the maximal energy,
and there are quantum levels above it. It is also im-
portant to note that most of these high-energy X-type
levels participate in the transitions that we were able to
observe experimentally. Specifically, we have assigned 87
transitions involving 33 upper state levels of type X with
J = 37 . . . 57 to 68 spectral lines listed in Table III. Thus
we made sure that the structure of the high-energy end of
the ν23 rotational multiplet was not just predicted from
an extrapolation but was actually observed.

III. ROTATIONAL DYNAMICS

We can now give the classical dynamical interpretation
of the rotational energy level structure of ν11 and ν23 in
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TABLE III. Frequencies (cm−1) and observed–calculated errors Err. (10−3 cm−1) of the assigned lines in the far IR ν23 ← 0
spectrum of DMSO, which involve the quadruple rotational states of type X of the fundamental vibrational excited state ν23

Branch K′
a ← K′′

a Frequency Err. Branch K′
a ← K′′

a Frequency Err. Branch K′
a ← K′′

a Frequency Err.

Q(37) 37 ← 37 323.2623 -1.51 Q(38) 38 ← 38 323.1989 1.26 Q(39) 39 ← 39 323.1308 -0.24
P (41) 40 ← 38 308.1318 0.67 Q(40) 40 ← 38 325.9210 0.99 Q(40) 40 ← 40 323.0661 0.85
P (42) 41 ← 39 307.7111 -0.43 Q(41) 41 ← 41 323.0012 -0.53 Q(41) 41 ← 39 325.9328 -0.76
Q(41) 41 ← 41 323.0013 -0.48 R(40) 41 ← 37 346.2798 -1.12 R(40) 41 ← 39 343.6484 -1.26
P (43) 41 ← 41 305.5021 -0.14 Q(42) 41 ← 39 326.8646 -0.57 Q(42) 42 ← 42 322.9404 -1.87
Q(42) 42 ← 40 325.9506 0.60 R(41) 41 ← 39 345.0875 0.27 R(41) 41 ← 41 342.1558 0.46
P (44) 43 ← 41 306.9035 1.21 Q(43) 43 ← 43 322.8879 -0.77 Q(43) 43 ← 43 322.8879 -0.79
R(42) 43 ← 41 344.5408 -0.81 Q(44) 43 ← 43 324.1379 -1.40 Q(45) 44 ← 42 327.2196 0.41
P (47) 45 ← 45 303.9648 -0.40 Q(46) 45 ← 43 327.3496 -0.87 Q(46) 45 ← 45 324.2419 1.09
Q(46) 46 ← 46 322.7855 0.51 R(45) 45 ← 43 347.2680 -1.00 P (48) 47 ← 47 302.1282 0.61
Q(47) 47 ← 45 326.1600 -0.02 Q(47) 47 ← 47 322.7770 0.16 R(46) 47 ← 45 346.4350 -0.64
Q(48) 47 ← 43 330.4586 1.01 Q(48) 47 ← 45 327.6533 0.30 Q(48) 48 ← 46 326.2440 1.36
R(47) 47 ← 45 348.4195 -0.11 R(47) 47 ← 47 345.0373 0.93 R(47) 48 ← 46 346.9448 0.20
Q(49) 48 ← 46 327.8225 -0.33 Q(49) 48 ← 46 327.8225 -1.05 Q(49) 49 ← 47 326.3427 -0.75
Q(49) 49 ← 49 322.8110 -1.25 R(48) 48 ← 48 345.5573 -0.37 R(48) 49 ← 47 347.4712 -0.58
Q(50) 49 ← 47 328.0092 -0.31 Q(50) 50 ← 48 326.4638 -0.55 Q(50) 50 ← 50 322.8595 -0.06
R(49) 49 ← 49 346.0952 0.10 R(49) 50 ← 48 348.0185 -0.36 P (52) 50 ← 46 308.5613 1.32
P (52) 50 ← 48 305.6756 0.22 Q(51) 49 ← 47 326.6855 0.07 Q(51) 50 ← 46 331.2132 0.18
Q(51) 50 ← 48 328.2144 0.66 Q(51) 50 ← 50 324.7204 0.96 Q(51) 51 ← 49 326.6077 0.52
R(50) 50 ← 50 346.6513 0.87 Q(52) 50 ← 44 331.1607 -1.68 Q(52) 50 ← 48 326.6780 -1.00
Q(52) 50 ← 50 323.3191 -1.02 Q(52) 50 ← 52 319.5682 -0.97 Q(54) 52 ← 54 319.2692 -0.31
Q(54) 52 ← 50 326.6836 -1.20 Q(55) 52 ← 54 320.6033 -0.27 Q(55) 54 ← 52 329.2501 0.05
Q(56) 54 ← 52 326.7416 -0.27 Q(56) 55 ← 53 329.5756 -0.08 Q(57) 57 ← 55 328.0258 0.79

Figs. 9 and 13. Following the outline in Sec. I C, we
convert our quantum rotational Hamiltonian Hrot into
its classical analog Hrot defined over the classical phase
space S2

j . For each given fixed value7 of j, Hrot : S2 →
R can be represented conveniently as a deformed closed
surface in the ambient space R3. Specifically, points of
this surface are given by

S2
j → R3 : (θ, φ) 7→ Hrot(θ, φ; j)

sin θ cos φ
sin θ sinφ

cos θ

 .

We draw such surfaces in Fig. 3 for the ground state |0〉
and for the excited state ν23 of DMSO, both with the
same J = 50. Note that all classical mechanics com-
putations in this section and Appendix24 C rely on the
standard calculus of functions S2 → R representing ro-
tational energy10,11,13,18,48, such the ones illustrated in
Fig. 3.

Subsequently, within the given interval [0, 50] of j, we
find all stationary points of Hrot and determine their sta-
bility. In particular, for ν23, we characterize the new sta-
tionary points X (Sec. I A, III A, Appendix24 C 2) and
find the critical value jcrit at which they appear, i.e.,
the “moment of bifurcation”. The values of Hrot at the
stationary points give the energies of classical stationary
rotations, which we juxtapose on the quantum energy-
momentum level diagrams in Figs. 9 and 13. The cor-
respondence between the quantum rotational multiplets
and these stationary values of Hrot as functions of j un-
covers the nature of the changes observed in the level

structure.

A. Axes of stationary rotation

The six fixed points on S2
j , representing axes23 A, B,

and C, and corresponding to Cartesian coordinate axes of
the embedding R3, are always stationary points8 of Hrot.
This can be seen as a direct consequence of the D2 × T
symmetry25 of Hrot (Appendix24 C 1) and is independent
on the concrete form of Hrot. We can also see it from the
calculation of ∇Hrot in Appendix24 C 2.

As illustrated in Fig. 3, the Hrot function of DMSO
has deep minima on axis C (north and south poles) and
small height variations along the equatorial ridge, i.e., for
the C-projections |jc| � j. In the symmetric top limit
A = B, these ridge variations vanish, and Hrot becomes
the rotational energy function of an oblate top (a “pump-
kin”). The C minima are so deep that nothing qualitative
can happen to/near them with growing j. All nontrivial
changes occur on/near the equatorial ridge.

B. Standard energy-angular momentum level system: the
ground state and the ν11 state

In the ground vibrational state |0〉, see Fig. 3(b), and
in the ν11 state, and in any state for sufficiently low j,
the Hrot function of DMSO is similar to that of a rigid
oblate asymmetric Euler top: in addition to the two deep
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FIG. 14. Upper part of the rotational multiplet of the ν23 fun-
damental vibrational state of DMSO, cf Fig. 13. Energies are
shown after subtracting the classical energy HB

rot(J) of rota-
tion about the unstable stationary axis B. Horizontal dashes
mark quantum levels; bold solid lines represent energies of
classical stationary rotations, the levels of the neighboring
state ν11 are indicated in gray. Circles mark level sequences
engaged in the X-type quadruplet formation. From Ref. 3

C-minima, it has two equivalent maxima A and two sad-
dle points B. This means that rotations about A and C
are stable and have, respectively, maximal and minimal
energies HA

rot(j) and HC
rot(j) for a given j, while the rota-

tion about B is unstable, and occurs at an intermediate
energy close to HA

rot(j).
The corresponding standard rotational structure of

|ν11 = 1〉 is shown in the energy–angular momentum di-
agram in Fig. 9 along with the stationary Hrot values
at A (maximum), B, and C (minimum). Quantum lev-
els lie inside the energy–momentum domain bounded
by HA

rot(j) and HC
rot(j). We see two sequences of dou-

blets (or 2-clusters9) : numerous C-doublets ascend from
HC

rot(j), while a smaller number of A-doublets descend
from HA

rot(j). These sequences meet at HB
rot(j), where

the doublets split up an rearrange. The doublet quantum
states with energies approaching Hξ

rot(j) with ξ = A,C
behave similarly to those of a one-dimensional two-well
harmonic oscillator8,49, whose frequency ωξ can be esti-
mated from the distance in energy between the two dou-
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FIG. 15. Latitudinal tilt ϕ (degrees) of new axes X of sta-
tionary rotation in the ν23 state of DMSO, cf Fig. 3(a).

blet states closest to the classical value Hξ
rot(j). The

outmost doublet is the most classically behaving and the
most strongly degenerate state9; its distance to Hξ

rot is
about ωξ/2. The stability of the classical equilibrium ξ is
proportional to ωξ, notably ωC � ωA. Furthermore, the
A well becomes deep enough to accommodate a quan-
tum state only for j ≈ 10, and the A-type doublets exist
for j ≥ 10. Our study (Ref. 2, Table I and Fig. 9 of
this work) shows that, just like in the ground state |0〉,
no qualitative complications due to the closeness of the
symmetric top limit occur in the ν11 state when j in-
creases. One may speculate that the two bulky methyl
groups prohibit the decrease of the CSC angle when the
molecule rotates about axis A.

C. Energy–angular momentum level system of ν23

For low j < 30, the Hrot function of the fundamen-
tal excited vibrational state ν23 (see Fig. 13) is qualita-
tively similar to that of |0〉 and ν11 described in Sec. III B
above. At larger j, the equatorial ridge changes qualita-
tively, see Fig. 3(a) and Sec. I A. Here both principal axes
A and B are unstable (saddle points), while near A on the
ridge, we see a pair of new equivalent maxima X. These
maxima emerge from A at Jcrit ≈ 30 after a pitchfork
bifurcation. They correspond to a pair of new station-
ary rotation axes that lie in the equatorial plane AB at
some angle to axis A. So altogether we have four equiv-
alent corresponding points X on S2

j and the correspond-
ing four quantum levels. In Fig. 14, we can see that the
energy HA

rot(J) of classical rotation about the fixed sta-
tionary axis A is no longer maximal for J > 30. In fact,
the two upmost J-sequences of the A-type doublets cross
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above HA
rot(J) into the X-domain and merge together

thus forming a quadruplet or 4-cluster. We succeeded
to identify a number of direct absorption transitions to
these quadruplets (Table III).

1. The energy of classical rotation about the X axis

The isotropy group of the A point is an order 4 group
isomorphic to Z2 × Z2 (Appendix24 C 1). It is gener-
ated by CA

2 (rotation by π about A) and the reversal
operation T CC

2 , which amounts to a reflection of S2
j in

the equatorial plane AB, while its third nontrivial ele-
ment T CB

2 acts as a reflection in the plane AC. Since
in a one-parameter pitchfork bifurcation at A, only one
of the order-2 symmetries of A can, typically, be broken,
we can expect the pair of the new stationary points X to
remain in either of the two symmetry planes. Given that
at low j, the A-maximum is significantly less stable in the
direction of the B-saddle than in the direction of the deep
C-minimum, we may expect to find X in the equatorial
plane AC. This is indeed the case (Appendix24 C 2). To
find the position of X on the equator (see Fig. 15), we
look for zeroes ϕX(j) ∈ (0, π/2) of ∇ϕHrot(θ = π/2, ϕ; j)
for different values of j. We show in Appendix24 C 2 that
these zeroes are given approximately by

(cos ϕX)2 ≈ A−B

4j28d2
+

4d2 − d1

8d2
.

The corresponding stationary value HX
rot(j) = Hrot

(
θ =

π/2, ϕX(j); j
)

gives the energy of the rotation about X.
For a given fixed j > jcrit ≈ 30, this energy is maximal,
see Figs. 13 and 14.

2. The pitchfork bifurcation

Finding the critical value jcrit of the angular momen-
tum at which the X points emerge from A is equally
straightforward: we should simply solve ϕX(j) = π/2,
i.e., we should determine when the nontrivial zero ϕX(j)
enters the interval of allowed values. Taking Hrot to the
lowest nontrivial order (see Appendix24 C 3), the critical
value of the quantum number7 J is given by

J2
crit ≈

1
4

(A + δ A)− (B + δ B)
(d1 + δ d1)− 4(d2 + δ d2)

(We use J here in order to compare directly with the
energy level diagram in Figs. 13 and 14.) For the ν23

parameters in Table I, we obtain JA
crit ≈ 31.5. A numeri-

cal solution taking all orders in Hrot into account results
in Jcrit = 27.5. Furthermore, with higher orders of Hrot

taken into account, we can also find that the unstable
axis B bifurcates as well at larger JB

crit = 44.5. This bi-
furcation sends out a pair of unstable equilibria, while
B turns stable. This phenomenon is governed by 6-th
order terms in Hrot. In our angular momentum range

JB
crit ≤ J ≤ 55 (cf Table III), axis B remains marginally

stable and the corresponding structure in the phase space
S2

j near it is not large and deep enough to manifest itself
in the quantum energy spectrum.

3. The physical nature of the 4-clusters of DMSO

Considering the physical origins of the phenomenon
of the 4-cluster formation, one comes up with two lim-
iting mechanisms, “rotational” and “vibrational”. The
rotational mechanism was put forward by Pavlichenkov
and Zhilinskíı10–12, whose rigid bender model48,50 is sum-
marized in Appendix24 D. In this model, similarly to
the Born–Oppenheimer approximation, vibration and
rotation are assumed to be well separated, and ex-
plicit vibration-rotation interactions are neglected en-
tirely. The nonrigid molecule responds to the centrifugal
forces by adjusting “instantaneously” its average equi-
librium geometry, as the rotational excitation increases.
This may result, in particular, in the new axes of station-
ary rotation.

In a more general situation of strongly interacting ex-
cited vibrational states formed by two or more resonant
vibrational normal modes, we should consider stationary
rotations in combination with nonlinear normal modes or
vibrational relative equilibria (see Refs. 51 and 52, and
references therein). These latter are specific low-order
vibrational periodic orbits, whose number and symmetry
properties may differ from those of the normal modes.
One of the most familiar examples is the pair of equiva-
lent stable “local modes” bifurcating out of a symmetric
normal mode in a 1:1 resonant two-mode system (e.g.,
H2O, O3, CS2). The stationary rotation associated with
local modes would necessarily produce 4-clusters, one
doublet per each local mode. Even more generally, mix-
ing of the vibrational states can be provoked not only
by purely vibrational interactions, as in the above ex-
ample of local modes, but also by Coriolis and other
higher order rotation-vibration interactions53. If this
happens, we may have changes in the nature and numbers
of rotation-vibration nonlinear modes and, respectively,
in the degeneracies of the corresponding eigenstate clus-
ters. When different vibrational normal mode basis state
contributions to the eigenfunctions run high, Jensen and
Kozin proposed to call such clusters vibrational54–56.

In this work, we have a limited capacity to elucidate
the nature of the X-type quadruplets of the ν23 state of
DMSO, because our information on several “dark state”
neighbors of ν23 is incomplete, and because we stay at the
level of the phenomenological Hamiltonian Hrot, that de-
scribes vibrational states as isolated. Nevertheless, we
think that these quadruplets are more likely to be of
the “rotational” kind, because we do not see sufficiently
strong rotation-vibration interactions which involve ν23.

Below we detail the argument. We explore several
directions: Observed or predicted vibrational frequen-
cies of the dark states (Sec. III C 3 a); Explicit account
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TABLE IV. Comparison of experimental and estimated fre-
quencies (cm−1) of bending vibrational modes of DMSO; G-h
and G-a refer to harmonic and anharmonic frequencies com-
puted using Gaussian0327, see Appendix24 A. The experi-
mental frequencies of ν13 and ν24 are obtained from the in-
tensities of the respective MW satellite bands relative to those
in the 0← 0 band57; the ν12 frequency comes from the liquid
state Raman spectrum35.

Mode Observed Ref. 29 G-h G-a

ν11 376.751 388.7 369.9 371.7
ν23 323.988 331.3 319.4 321
ν12 308 306.5 283.6 277
ν13 231 219.5 232.7 177.5
ν24 207 201.9 190.3 147.3

for vibration-rotation interactions (Sec. III C 3 b); Level
crossings or “narrow” resonances (Sec. III C 3 c); Rota-
tional structure of all potential perturbers (Sec. III C 3 d).

a. Vibrational frequencies of dark states There are
two kinds of candidates for possible strong perturbers of
ν23, namely the two other bending fundamental states
ν11 and ν12, both of symmetry A′, and the rocking mode
combination state ν13 +ν24 of symmetry A′′. Their prin-
ciple interaction mechanism with ν23 is different: Coriolis
interaction for the fundamental states, and Fermi (cubic)
resonance for the overtone. In either case, the respective
terms a+aJ and a+a2 are of order 3, and, as our study
of the explicit Coriolis interaction of ν11 and ν23, and
of the local perturbations in the structure of ν11 (see
Sec. II E 1 and paragraphs III C 3 b and III C 3 c below)
may suggest, the perturber should come within 10 cm−1

or less of ν23 for any significant effects. While Typke and
Dakkouri29 place the dark state ν12 at 306 cm−1, our
calculation (Table IV, Appendix24 A) gives consistently
a much lower frequency. Since the same calculation re-
produces the frequencies of both ν11 and ν23 quite accu-
rately, we may assume that ν12 is indeed situated below
290 cm−1, and so causes no significant perturbations to
ν23. The Gaussian data on the rocking mode overtones
being too unreliable, the vibrational ν13 + ν24 frequency
remains largely unknown. The naive harmonic estimate
of 423 cm−1 is, of course, too high, but in conjunction
with the observed crossings of ν11 with a rocking mode
overtone (Sec. II E 1), one may speculate that ν13 + ν24

lies above ν11 and far from ν23, see Sec. III C 3 c.
b. Rotation-vibration interactions From the formal,

phenomenological point of view, the 4-cluster formation
and gyroscopic destabilization of axis A occur in the
structure of ν23 because the d1 and d2 effective rotational
constants of ν23 are anomalously large in comparison to
those of |0〉 or ν11 (Table I). Recall that d1K

2(J2
+ + J2

−)
and d2(J4

+ + J4
−) are the principal tensorial terms of

Hrot, that describe the dynamical asymmetry of the top
in addition its average geometrical asymmetry given by
(A−B). So one can suspect that such anomalously large
d1 and d2 account effectively for a strong and “wide”

rotation-vibration perturbation by a close neighbor state.
In this work, taking the advantage of knowing rotational
levels of both ν11 and ν23, we have shown explicitly in
Sec. II E 1, that the Coriolis interaction between these
two states is insignificant, that the two states do not mix,
and that in general, for such interaction to be important,
the vibrational frequencies of the two states should be
much closer, probably, of the order of 10 cm−1 or less.

c. Crossings with dark states A crossing with a dark
state cannot distort the rotational constants significantly,
unless the vibrational frequencies of the two states are
close (so that the “crossing angle” is small), and the in-
teraction is of relatively low order, i.e., we have a “large”
resonance. This is why we are most interested in the
Fermi resonance with doubly excited rocking modes. By
symmetry, only ν24 + ν13 can be in such resonance with
ν23, while the A′-type overtones 2ν24 and 2ν13 can Fermi
interact with symmetric fundamentals ν11 and ν12. As-
suming that the crossings, that we observed in ν11, are
with the lowest double rocking mode excitation 2ν24, we
may exclude ν24 + ν13, whose frequency is larger than
that of 2ν24, from the list of the perturber candidates.
Yet more studies are clearly needed here. Thus most
recently58, pure rotational transitions in the 5 lowest fre-
quency modes of DMSO have been measured using the
new versatile subTHz spectrometer59. This study pro-
vides a full set of the rotational parameters of the low
frequency fundamental state and, possibly, of at least
one perturber state candidate. However, the vibrational
frequencies of these states remain unknown.

d. Rotational structure of neighbor states In gen-
eral, if a strong and wide rotation-vibration mixing of
ν23 with a neighbor state existed, the Hrot parameters
of that potential perturber would also take anomalous
values. Yet, according to our most recent observations58
of the rotational spectra of excited vibrational states of
DMSO, the other low energy fundamental states, most
notably the inactive A′-type bending state ν12, and also
the two methyl rocking fundamentals ν13 and ν24 show
no such anomaly. This definitely excludes ν12. From the
same observations58, it should be possible to extract the
information on the rotational structure of at least one
more state, probably 2ν24, the lowest of the double ex-
cited rocking states, and thus complete the argument.

4. Discussion of the physical mechanism

If not the vibrational and/or rotational resonant mix-
ing mechanism, what else can be at the origin of the
gyroscopic destabilization phenomenon that we have ob-
served? Turning to the original ideas of Pavlichenkov
and Zhilinskíı12,48, we recall that when the equilibrium
geometry of the molecule is nearly critical, very small
forces—provided, of course, that they go in the “right
direction”—are required to produce qualitative changes.
Specifically, this happens when the principle moments of
inertia are very close to those of a symmetric top, and
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the usual qualitative stability of the asymmetric top ro-
tational dynamics vanishes. For the rotational energy
surfaces in Fig. 3, the critical situation manifests itself
as a near axial symmetry of these surfaces. So even a
relatively small perturbation at the equator can result in
qualitative changes.

In the case of the AB2 molecules with heavy central
atom12,14,15,17,48,50,54–56, the critical configuration occurs
when the bend angle approaches ≈ 90◦ (Appendix24 D),
and these molecules exhibit a bifurcation in the ground
vibrational state, which is very similar to the one we ob-
serve in ν23. In our case, even in a four-atomic rigid
bender model of DMSO, the deformation is given by
three angles. Furthermore, we should include fully the
ν23 vibrational degree of freedom, the only antisymmet-
ric bending vibration of the C2SO frame, into consider-
ation. This particular vibration seems to be essential to
the phenomenon. We can assume that it “softens” the
C2SO frame, and amplifies specific dynamical responses
to the centrifugal forces associated with fast rotation
about axis A. In other words, while in the ground vi-
brational state of AB2, the centrifugal forces alone drive
the molecule through the critical configuration, in our
case, these forces combine with vibrational excitation. It
is possible that a classical rigid bender calculation with
parameters imitating DMSO can elucidate the matter.

IV. CONCLUSION

During the last decade, a number of synchrotron facil-
ities, notably the Canadian Light Source, the Australian
synchrotron, SOLEIL4, and others, have provided dif-
ferent beamlines that can be used for high resolution
spectroscopy60,61 and have thus provided a great num-
ber of new objects of detailed studies. Our analysis of
the ν11 and ν23 bands of DMSO (Refs. 2 and 3 and this
work) demonstrated most convincingly the potential of
the synchrotron spectroscopy in the far IR. Presently,
we made substantial progress in unraveling the rovibra-
tional structure of low frequency bending and torsional
vibrational states of DMSO. Important, comprehensive,
previously inaccessible structural and spectroscopic in-
formation on this molecule was obtained.

DMSO, due to its exceptional near-symmetric-top ge-
ometry, is a molecule with potentially complex and in-
teresting rotational dynamics. Using the FIR data on
the ν23 state, we have succeeded to uncover such dynam-
ics. The phenomenon of the gyroscopic destabilization
of the principle axis of inertia A of DMSO is very sim-
ilar to that predicted and found in the AB2 molecules
in the 1990s, albeit now we deal with a much larger and
significantly more complex polyatomic system. DMSO is
the first known large molecule presenting this universal
phenomenon.
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APPENDICES OF JCP A13.02.0201

The manuscript A13.02.0201 entitled “Gyroscopic
destabilisation in polyatomic molecules. Rotational
structure of the low-frequency bending vibrational states
ν23 and ν11 of dimethylsulfoxide” by Arnaud Cuisset and
Dmitríı A. Sadovskíı was submitted to J. Chem. Phys.
on 2013-02-20, and on 2013-05-02 in final form.

Following the referees’ and editors’ sugges-
tions, these appendices are moved to the file
Appendices-Cuisset-Sadovskii-JCPA13020201.pdf
in the supplementary materials (EPAPS), which is
available to readers via an url link in the online version
of the paper. They can also be obtained by contacting
arnaud.cuisset@univ-littoral.fr. Note that all
citations below use the bibliography in the main body of
the paper.

Appendix A: Frequencies of bending vibrations of DMSO

All calculations were performed with Gaussian0327.
To make a compromise between the overall cost and the
accuracy of frequency calculations, the semi-empirical
density functional theory (DFT) using the Becke three
parameter hybrid exchange functional and the Lee-Yang-
Parr correlation functional (B3LYP)64,65 was chosen for
the DMSO structure optimizations and vibrational fre-
quency calculations. The optimizations used the TIGHT
and GDIIS convergence criteria, which ensured the ad-
equate convergence and the reliability of the computed
frequencies, especially for low-frequency modes. In com-
parison to the experimental far IR (FIR) vibrational fre-
quencies, the best results were obtained using the 6-
311G++(3df,2p) basis. With such relatively large basis
set, it was still possible to compute the anharmonic force
field of DMSO, and to determine the rotational constants
of the vibrationnaly excited states, as well as the frequen-
cies of the combination bands and overtones. Table IV
presents computed and measured FIR frequencies. With
relative uncertainties better than 2%, the agreement is
excellent between the fitted band centers of ν11 and ν23

and the DFT anharmonic calculations. For the lowest
frequency modes ν12, ν13 and ν24, which were not ob-
served in the FIR spectrum, the harmonic calculations
agree better66 both with the force field by Typke and
Dakkouri29 and the experimental frequencies from previ-
ous microwave and Raman spectroscopic studies33.

Appendix B: Qualitative understanding of intensities

The “accidental” near symmetric top geometry of the
equilibrium configuration of DMSO (Fig. 1) may call for
the use of the symmetric top analogy in describing its
rotation-vibration absorption spectra. Here we discuss
the substantial difference between the DMSO spectra and
those of a “true” symmetric top—a molecule for which

0.477
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C0.144
H

0.128
H
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H

µ0
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µz = 0.38µy

dµ
B
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1 bohr

FIG. 16. Equilibrium configuration of DMSO (cf Fig. 1) pro-
jected in the the symmetry plane BC; bold arrows show per-
manent dipole moment µ0 and dipole moment dµ induced
by the in-plane pendular motion of S−O. The rough esti-
mate for µ0 is aligned with S−O, and is shown in black. A
more realistic dipole moment µ0, which is obtained by tak-
ing into account effective charge of each atom, is shown in
red; effective charges and atom positions are computed using
Gaussian27.

the equality of the two moments of inertia IA = IB is
caused by a sufficiently high symmetry of its equilibrium
configuration. (For the description of the symmetric top
selection rules see, for example, Ref. 30, Appendix J and
Ref. 67, Chapt. XIV-110.)

1. The dipole moment function and its parameters

The dipole moment vector function of DMSO µ(q) is
at the root of all differences: unlike the equilibrium ge-
ometry, µ(q) is very far from that of a symmetric top
molecule. In the simplest approximation that is sufficient
to describe the 0→ 0 rotational spectrum and the 0→ 1
fundamental transitions, the body-fixed23 components of
µ(q) can be represented as a Taylor series

µ(q) =

µa

µb

µc

 =


0

µ0
b

µ0
c

+


µ23

a q23

µ11
b q11

µ11
c q11

+ . . .

in normal displacements q. This differs from a true sym-
metric top molecule, which has axial symmetry Cn ⊂
SO(2) with n ≥ 3, or higher. In a true symmetric top,
µ0

c is the only permanent component of µ, a “parallel” vi-
bration cannot contribute neither to µb nor to µa, while a
“perpendicular” vibrational mode is degenerate and con-
tributes both to µa and µb.

The parameters of µ(q) (coefficients of the series) for
DMSO can be roughly estimated by taking into account
that atoms O and S of this molecule are highly polarized,
while the combined charge on the methyls is nearly zero.

mailto:arnaud.cuisset@univ-littoral.fr
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Then computing the permanent dipole moment

µ0 ≈ (rS − rO) δ

for the equilibrium configuration in Fig. 1 and 16 and a
charge δ > 0 on atom S gives (Å·C)

µ0
b ≈ 1.264δ and µ0

c ≈ 0.788δ = 0.623µ0
b .

As illustrated in Fig. 16, this permanent dipole moment
lies in the symmetry plane BC and is parallel to the
S−O bond; the ratio µ0

b/µ0
c is given by the tangent of

the angle θ between S−O and axis C (vertical). A more
precise estimate for µ0 can be given using Gaussian27

predictions of both equilibrium positions and effective
charges on each atom.

µ0
c = 0.38µ0

b .

The same approach allows to estimate the ratio of the
two components of the dipole moment µ11 induced by
the symmetric bending vibration ν11. Indeed, assuming
that such vibration causes in-plane pendular motion of
S−O about its equilibrium position, while the distance
S−O remains nearly unchanged, we obtain the induced
dipole moment µ11 as axial angle derivative68

(−dµ/dθ)dθ = ‖µ0‖

 0
− cos θ
sin θ

dθ

and therefore (cf Fig. 16)

µ11
c /µ11

b ≈ −µ0
b/µ0

c .

So it follows that, with all other factors equal, the
non-symmetric-top transitions in the rotational 0 → 0
spectrum of DMSO should be about (µ0

b/µ0
c)

2 stronger.
Indeed, from our recent microwave measurements58, we
deduced µ0

c/µ0
b ≈ 0.33, which agrees well with the Gaus-

sian prediction. On the other hand, such transitions in
0 → ν11 are weakened by the same factor. This lat-
ter circumstance explains partially the resemblance of

the 0 → ν11 band and a parallel band of a symmetric
top molecule. Further explanations require the analysis
of the dependence of intensities on rotational quantum
numbers provided the next section.

2. Transitions probability for localized rotational states

Consider absorption transitions involving typical
quasi-degenerate rotational state doublets of type C, i.e.,
localized states that correspond to the precession of J
about axis C. As the transition moment operator, as-
suming that the incoming radiation is linearly polarized
along the world axis Z, take the world projection m0 of
µ, which is expressed as

m0(α, β, γ; q) =
∑

ξ=0,±1

D1
ξ0(α, β, γ) µξ(q).

Here D1 is rank-1 Wigner’s function of Euler angles, and

µ0 = iµc, µ±1 = ∓i(µa ± iµb)/
√

2

are standard axial components of vector µ, see Ref. 67,
Chapt. XIV-107,110. The transition probabilities are
given by the squared absolute values of the matrix el-
ements of m0(α, β, γ; q) on the vibration-rotation wave-
functions

|vJMkΓ〉 = |v〉|J,M, k, Γ〉 with k = |m|, m := Jc,

where |v〉 are oscillator eigenfunctions, M and m are
projections of the angular momentum J on the world
axis Z and body axis C, respectively, while k and
Γ = A,B1, B2, B3 label D2-symmetrized rotational basis
functions (Wang functions) which are used normally for
asymmetric tops (see Ref. 67, Chapt. XIII-103). These
functions are simple linear combinations

|J,M, 0Γ〉 = |J,M, 0〉,
|J,M, kΓ〉 =

(
|J,M, k〉+ sJkΓ |J,M,−k〉

)
/
√

2,

of standard axial rotational functions

|J,M,±m〉 = iJ
√

2J + 1
2π
√

2
DJ
±mM (α, β, γ),

for which we have (Eq. 110.6 in Ref. 67, Chapt. XIV)

〈v′J ′M ′m′|m0|vJMm〉 = iJ−J′√
(2J + 1)(2J ′ + 1)

(
J ′ 1 J
−M ′ 0 M

)
(−1)−M ′ ∑

ξ=0,±1

(−1)m′
(

J ′ 1 J
−m′ ξ m

)
〈v′|µξ(q)|v〉
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with immediate restrictions J ′ = J, J ± 1, M ′ = M , and m′ = m + ξ. For 〈v′J ′M ′k′Γ′|m0|vJMkΓ〉 we obtain

〈v′J ′M ′0Γ′|m0|vJM0Γ〉 = 〈v′J ′M0|m0|vJM0〉
〈v′J ′M ′1Γ′|m0|vJM0Γ〉 = (〈v′J ′M, 1|m0|vJM0〉+ s′〈v′J ′M,−1|m0|vJM0〉) /

√
2

= 〈v′J ′M1|m0|vJM0〉
[
1− s′(−1)J′+J

]
2−1/2

〈v′J ′M ′k′Γ′|m0|vJMkΓ〉 =
(
〈v′J ′Mk′|m0|vJMk〉+ s′s 〈v′J ′M,−k′|m0|vJM,−k〉

)
/2

+
(
s′〈v′J ′M,−k′|m0|vJMk〉+ s 〈v′J ′Mk′|m0|vJM,−k〉

)
/2

= 1
2 〈v

′J ′Mk′|m0|vJMk〉
(
1− ss′(−1)J′+J

)
+ 1

2 〈v
′J ′M,−k′|m0|vJMk〉

(
s′ − s(−1)J′+J

)
= 〈v′J ′Mk′|m0|vJMk〉

[
1− ss′(−1)J′+J

]
2−1

where k, k′ > 0, s := sJkΓ and s′ := sJ′k′Γ′ , and the standard property (for even J , J ′, etc)∑
ξ=0,±1

(−1)m′
(

J ′ 1 J
−m′ ξ m

)
=

∑
ξ=0,±1

(−1)−m′
(−1)J′+1+J

(
J ′ 1 J
m′ −ξ −m

)
= −(−1)J′+J

∑
ξ=0,±1

(−1)m′
(

J ′ 1 J
−m′ ξ m

)
is used. Furthermore, for all k > 0 the term 〈v′J ′M,−k′|m0|vJMk〉 with m′ = −k′, m = k, and m′ < m+ ξ vanishes.
The sum of the squared absolute values of these matrix elements over all M accounts for the level degeneracy on JZ

and eliminates the dependence on M through
∑

M

(
J ′ 1 J
−M 0 M

)2
= 1

3 . In particular, we obtain transition probability

Pv′J′m′↔vJm := 3
∑
M

|〈v′J ′M ′m′|m0|vJMm〉|2 = (2J + 1)(2J ′ + 1)
(

J ′ 1 J
−m′ ξ m

)2
|〈v′|µξ(q)|v〉|2, with m′ = m + ξ.

It can be seen that for any given k, k′ ≥ 0 the value of ξ is fixed by the selection rule k′ = ξ +k. Furthermore, because
the µa and µb components of µ± are of different symmetry, only one of them is selected by the matrix element
〈v′|µ±|v〉 on vibrational states of respective symmetries Γv′ and Γv. Specifically,

|〈v′|µ±|v〉|2 = |〈v′|µa|v〉|2/2 if Γv′ 6= Γv, and |〈v′|µ±|v〉|2 = |〈v′|µb|v〉|2/2 if Γv′ = Γv.

Therefore, in all cases, the expression for the squared matrix element of m0 consists of a single term. Substituting
expressions for the concrete Wigner 3jm coefficients (see Table 9 in Chap. XIV.106 of Ref. 67), we obtain the
transition probabilities for specific cases

Pv′J′0Γ′↔vJ0Γ = |〈v′J ′0|m0|vJ0〉|2 = (2J + 1)(2J ′ + 1)
(

J ′ 1 J
0 0 0

)2
|〈v′|µc|v〉|2

= 0 for J ′ = J

= J |〈v′|µc|v〉|2 for J ′ = J − 1

Pv′J′1Γ′↔vJ0Γ = (2J + 1)(2J ′ + 1)
(

J ′ 1 J
−1 1 0

)2
1
2 |〈v

′|µa,b|v〉|2 1
2

[
1− s′(−1)J′+J

]2
= 1

2 (2J + 1) |〈v′|µa,b|v〉|2 for J ′ = J and s′ = −1

= 1
2 (J − 1) |〈v′|µa,b|v〉|2 for J ′ = J − 1 and s′ = 1

Pv′J′k′Γ′↔vJkΓ = (2J + 1)(2J ′ + 1)
(

J ′ 1 J
−k′ ξ k

)2
|〈v′|µξ|v〉|2 1

4

[
1− ss′(−1)J′+J

]2
=

k2(2J + 1)
J(J + 1)

|〈v′|µc|v〉|2 for J ′ = J, k′ = k, and s′ = −s

=
J2 − k2

J
|〈v′|µc|v〉|2 for J ′ = J − 1, k′ = k, and s′ = s

=
(J ∓ k)(J ± k + 1)(2J + 1)

2J(J + 1)
1
2 |〈v

′|µa,b|v〉|2 for J ′ = J, k′ = k ± 1 ≤ J, and s′ = −s

=
(J ∓ k)(J ∓ k − 1)

2J
1
2 |〈v

′|µa,b|v〉|2 for J ′ = J − 1, k′ = k ± 1 ≤ J − 1, and s′ = s

3. Rigid symmetric top model of intensities

Consider now the most basic imitation of DMSO using
the Hamiltonian H0

rot + H0
vib, where

H0
rot = B̃J2 − (B̃ − C)J2

c with B̃ = 1
2 (A + B) > C

represents a rigid symmetric top, and

H0
vib =

ω11

2
(p2

11 + q2
11) +

ω23

2
(p2

23 + q2
23)
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is a simple harmonic oscillator. The intensity of
the quasi-symmetric top transition |v′J ′K ′Γ′〉 ←
|v′′J ′′K ′′Γ′′〉 is given by

I = Pv′J′K′Γ′↔v′′J′′K′′Γ′′(p′ − p′′),

where the population factors in this simplest approxima-
tion can be written as

p′ = exp
(
−(C − B̃)K ′2/kT − B̃J ′(J ′ + 1)/kT

)
with C − B̃ < 0 for an oblate top, and

p′′ = exp

(
− ω

kT
− C − B̃

kT
K ′′2 − B̃

kT
J ′′(J ′′ + 1)

)

Continuing the symmetric top analogy, we can iden-
tify the “parallel” and the “perpendicular” (sub)bands,
by K ′ = K ′′ and K ′ = K ′′ ± 1, respectively. Recall from
Sec. B 1 that the dipole moment of DMSO is far from that
of a symmetric top and as a consequence, an absorption
spectrum involving particular states |v′〉 and |v′′〉 may
consist of superimposed subbands of both types. In fact,
this should be the case for 0→ 0 and 0→ ν11, and, gener-
ally, for any Γv′ = Γv′′ . To understand relative intensities
of branches within these bands, we express P as function
P(K, J) of the lower state quantum numbers K := K ′

and J := J ′, maximize I both on K ′,K ′′ and J ′, J ′′, and
compare maximum intensities in each branch. Making es-
timates, we use K, J , ∆K = K ′′−K ′, and ∆J = J ′′−J ′.
The probability P and the intensity I become maximal
when K reaches one of the boundaries of its range [0, J ].
To a factor, neglecting the upper state population p′′,
and assuming J � 1 this gives I ≈ J exp(−αJ2) reach-
ing its maximum at Jmax = 1/

√
2α and where α equals

either B/kT for K → 0 or C/kT for K → J , respec-
tively. The value of K and the extra factor depend on
the 3jm coefficient in P(K, J). Table V summarizes all
concrete possibilities which we discuss in Sec. II D. Recall
that in a prolate nearly symmetric top, the K → 0 limit
corresponds to the non-symmetric top states of type A
and, eventually, of type X for the concrete case of the
ν23 state of DMSO, while the limit of K → J represents
regular symmetric top states of type C.

Returning to the Boltzmann factors, note that our FIR
transitions at 350 cm−1 and 298K (ω/kT ≈ 1.7) require
a considerable (p′′/p′) correction of ≈ 0.18 which should
be further multiplied by

exp
(
−2∆J

B

kT
Jmax

)
exp

(
−2∆K

C −B

kT
Kmax

)
to account for the rotational upper state population. Us-
ing the Jmax values of 21 when K → 0 or 27 when K → J
for DMSO at 298K, the rotational factor in p′/p′′ be-
comes ≈ 0.95 and ≈ 1.05 for the QR and QP branch,
respectively. As a consequence, QR is about 2% more
intense than QP in the 0→ ν11 spectrum (cf Fig. 4).

TABLE V. Asymptotic (for J � 1) transition probabilities
≈ P in the allowed branches of the vibration-rotation absorp-
tion spectrum of a nearly symmetric top molecule according to
the formulae of Sec. B 2. P are given without dipole moment
factors, |〈µc〉|2 and |〈µa,b〉|2 for parallel (‖) and perpendicular
(⊥) bands, respectively. The maximum Pmax occurs for the
value Kmax of the lower state quantum number K ∈ [0, J ];
the respective maximum intensity Imax is achieved for the
value Jmax (obtained in the simplest rigid body approxima-
tion) of the lower state angular momentum quantum number
J . Where necessary, notably for PR, RP and P,RQ, different
values of Pmax are given for zero K and for small K → 0+;
the respective two kinds of spectral lines can be well seen in
Fig. 4, left.

Branch ∆J ∆K ≈PK,J Kmax ≈Pmax ≈J2
max

‖ QQ 0 0
2 K2

J
J 2J

kT

2C

‖ QR, QP ±1 0
J2 −K2

J
0 J

kT

2B

⊥ PQ, RQ 0 ±1
J2 −K2

2 J
0+

J

2

kT

2B

0 J
kT

2B

⊥ PR, RP ±1 ∓1
(K − J)2

4 J
0+

J

4

kT

2B

0
J

2

kT

2B

⊥ RR, PP ±1 ±1
(K + J)2

4 J
J J

kT

2C

Appendix C: Bifurcation of the rotational energy

Consider an effective rotational Hamiltonian Hrot re-
duced to Watson’s D2-symmetric s-form30,39. This Ha-
miltonian describes rotational energy levels of a nonde-
generate isolated vibrational state of a nearly symmetric
top molecule. Its classical analog Hrot : S2

j → R is func-
tion of spherical coordinates (θ, ϕ) and parameter j > 0
(see Sec. I C), whose order (n−1) is a linear combination
of terms of two kinds, specifically

j2n cos(θ)2k with n ≥ k ≥ 0,

which come from the diagonal operators J2(n−k)K2k, and

2 j2n sin(θ)2l cos(2lϕ) with n ≥ l ≥ 1,

which correspond to the J2(n−l)(J2l
+ +J2l

− ) tensors. Thus,
in particular, we have

j−2H(0)
rot = 1

2 (A + B) +
[
C − 1

2 (A + B)
]
cos(θ)2

+ 1
2 (A−B) sin(θ)2 cos(2ϕ),

j−4H(1)
rot = −DJ −DJK cos(θ)2 −DK cos(θ)4

+ 2d1 sin(θ)2 cos(2ϕ) + 2d2 sin(θ)4 cos(4ϕ).
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1. Consequences of symmetry

Notice that Hrot is invariant under the operations in
the D2 ×T group, which is D2 extended by the momen-
tum (or time) reversal T , and which acts on R3

j with
coordinates (ja, jb, jc), and on the phase space S2

j em-
bedded in R3

j , as a point group D2h. The presence of
this symmetry helps finding equilibria of the system69

(stationary points of Hrot). Under the action of D2 ×T ,
the space S2

j becomes inhomogeneous. The intersections
of S2 with principal axes ja, jb, and jc correspond23 to
three isolated two-point orbits {θ = π/2, ϕ = ±π/2},
{θ = π/2, ϕ = 0, π}, and {θ = 0, π}, respectively, which
must be stationary points of Hrot. The planes σ = σAC ,
σBC , and the equatorial plane σAB have nontrivial sta-
bilizers in the class Cs ⊂ C2 × T ⊂ D2 × T . As a
consequence, the gradient ∇Hrot on σ ∩ S2

j remains in
the plane σ (and tangent to S2). This means that typ-
ically, i.e., for all values of j on an open nonzero inter-
val (j′crit, j

′′
crit) ⊂ R>0, the equilibria would lie in one of

σ ∩ S2
j because on σ, equations ∇Hrot = 0 reduce to one

scalar equation and can be potentially satisfied for some
j ∈ (j′crit, j

′′
crit). Because D2 × T acts nontrivially on

σ ∩ S2, the equilibria on σ ∩ S2 \ {fixed points} should
form a four-point orbit which corresponds to two equiv-
alent axes of stationary rotation lying in σ. Finally note
that existence of other, exceptional roots of ∇Hrot may
indicate the limitation of the isolated vibrational state
model, and/or of the s-reduction scheme, which relies on
the near-symmetric-top assumption.

2. Stationary points

Computing ∇Hrot provides concrete information on
the equilibria of the system. The first derivative
∂Hrot/∂θ is a linear combination of

−k j2n sin(2θ) cos(θ)2k−2 with k = 1, 2, . . . , n

and

2l j2n sin(2θ) sin(θ)2l−2 cos(2lϕ) with l = 1, 2, . . . , n,

while ∂Hrot/∂ϕ has terms of just one kind

−4l j2n sin(θ)2l sin(2lϕ) with n ≥ l ≥ 1.

We see that ∂Hrot/∂ϕ vanishes on σAC and σBC , where
ϕ is 0 and π/2, respectively, and that ∂Hrot/∂θ vanishes
on σAB , where θ = π/2, and on axis jc, i.e., on σAC∩σBC

with θ = 0. This confirms all statements in Sec. C 1.
Considering the concrete values of the rotation con-

stants A, B, and C, we can observe that, as long as
(A+B)/2 differs significantly from C, and is much larger
than (A−B)/2, i.e., near the limit of a well pronounced
symmetric top, additional equilibria on the meridian

planes σAC and σBC are very unlikely to exist at rea-
sonable values of j. So we concentrate on the equator
σAC ∩ S2

j , where the equations ∇Hrot = 0 reduce to

−(2j)−2 (∂Hrot/∂ϕ) =
∑
n=1

n∑
l=1

cl,nl j2n−2 sin(2lϕ) = 0

with coefficients cl,n given by the parameters of Hrot (see
Table I). Using Chebyshev polynomials Ui of the second
kind, we express

sin(2lϕ) = sin(2ϕ) Ul−1(cos(2ϕ)) = sin(2ϕ)Pl(cos ϕ)

where Pl(x) with x ∈ [−1, 1] is a sum of even degree
Chebyshev polynomials T2i(x) of the first kind,

Pl(x) =

2
∑

T2i(x), i = 1, 3, . . . , l−1 for even l,

2
∑

T2i(x)− 1, i = 0, 2, . . . , l−1 for odd l.

Factoring out sin(2ϕ) in order to exclude the trivial roots
ϕ = 0, π/2, etc at axes jb and ja, we obtain the final form
of the equation for the nontrivial equilibria with θ = π/2

F(x, j) :=
∑
n=1

n∑
l=1

cl,n l j2n−2Pl(x) = 0 with x ∈ [−1, 1].

Direct computation with n ≤ 3 gives

F(x, j) = A−B + 4(4d2 − d1 − 8d2 x2) j2

+ 4(−48h3 x4 + 8(6h3 − h2) x2 − (9h3 − 4h2 + h1)) j4

+ . . .

where parameters A, B, d, etc refer to a particular vi-
brational state, cf Table I. Since F(x, j) is a polynomial
in x2 ∈ [0, 1] (and j2) these equilibria come in pairs. The
operation x → −x corresponds in R3

j to the C2 rotation
about axis ja (point x = 0) and so any two points ±x
represent two equivalent axes of rotation (cf Sec. C 1).

3. Critical values of j

If for some j > 0, F(x, j) = 0 is satisfied for some
x2

0 ∈ (0, 1) then, by continuity, it is satisfied for j
and x2 on nonzero intervals (j′crit, j

′′
crit) ⊂ R>0 and(

(x′)2, (x′′)2
)
⊂ (0, 1), respectively. One possibility for

the nontrivial roots x0 to appear or disappear is to enter
or exit [0, 1]. In this case, the stationary point of Hrot at
one of the endpoints of [0, 1] is degenerated and we have
a pitchfork bifurcation (bifurcation with broken symme-
try of order two). Solving equations F(x, j)|x=0 = 0 and
F(x, j)|x=1 = 0 gives corresponding critical values jcrit
marking the bifurcation of axis ja (with ϕ = π/2) and
jb, respectively. Checking Table I and taking into ac-
count that −d2 � d1 > 0 for ν23 of DMSO while A > B,
we can see that the bifurcation occurs at x = 0, and that
in the simplest approximation,

j2
crit =

1
4

A−B

d1 − 4 d2
.
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FIG. 17. Schematic representation of the equilibrium config-
uration of an AB2 molecule and its principal axes of inertia.
Assuming that AB2 correspond to SC2 in DMSO, the orien-
tation and notation of the axes agrees with that in Fig. 1.

Appendix D: Stationary axes of rotation of a symmetric
nonlinear molecule AB2 in the rigid bender model

To facilitate the comparison to the case of DMSO, we
give a brief outline of the approach in Refs. 11, 48, 50.
For the coordinate axes chosen as shown in Fig. 17, the
principal moments of inertia of the AB2 molecule of total

mass M = 2mB + mA are

Ix = 2mB|AB|2 sin(α/2)2,

Iy = 2mB|AB|2 cos(α/2)2
mA

M
,

Iz = Ix + Iy,

where α < π is the angle BAB. It follows that for all
α > αcrit we have Iz > Ix > Iy. The respective principal
axes C, B, and A are similar to those of DMSO, where
AB2 can be seen as the S(CH3)2 fragment (cf Figs. 17
and 1). Furthermore, like in the case of DMSO, it is A
(axis y) that undergoes the pitchfork bifurcation.

The critical value αcrit, for which the two moments of
inertia Ix and Iy become equal, is given by

tan(αcrit/2)2 =
mA

M
< 1.

In general αcrit < π/2; when mA � mB, such as in the
H2Se molecule14,15,54,55, αcrit approaches π/2.

With all vibrations ignored (frozen), we can write the
classical rotational energy

Hrot = min
α

[
j2
z

2Iz
+

j2
x

2Ix
+

j2
y

2Iy
+ 1

2k(α− α0)2
]

,

where α0 is the equilibrium angle for j = 0, and k is
the harmonic force constant of the bending vibration;
typically we expect α0 > αcrit. Subsequently, Hrot can
be investigated as outlined in Sec. I C and III, and Ap-
pendix C. In particular, it can be shown that for rotations
about y (axis A), i.e., when j2

x + j2
z � j2, the angle α(j),

that minimizes the energy of rotation, becomes smaller
than α0. This is the obvious consequence of the centrifu-
gal forces created by rotation about axis A. So for α0

sufficiently close to αcrit < α0 and sufficiently large j, we
can achieve α(j) ≈ αcrit. Furthermore, this model re-
produces the pitchfork bifurcation of axis A in which A
becomes unstable and two new equivalent axes X appear.
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